Abstract. The Degree Contractibility problem is to test whether a given graph G can be modified to a graph of minimum degree at least d by using at most k contractions. We prove the following three results. First, Degree Contractibility is NP-complete even when d = 14. Second, it is fixed-parameter tractable when parameterized by k and d. Third, it is W[1]-hard when parameterized by k. We also study its variant where the input graph is weighted, i.e., has some edge weighting and the contractions preserve these weights. The Weighted Degree Contractibility problem is to test if a weighted graph G can be contracted to a weighted graph of minimum weighted degree at least d by using at most k weighted contractions. We show that this problem is NP-complete and that it is fixed-parameter tractable when parameterized by k.
Introduction
We consider undirected finite graphs that have no loops and no multiple edges. A graph modification problem has as input a graph G and an integer k. The question is whether G can be modified to belong to some specified graph class that satisfies further properties by using at most k operations of a certain specified type such as deleting a vertex or deleting an edge. In our paper the permitted operation is the contraction of an edge, which removes both end-vertices of the edge and replaces them by a new vertex adjacent to precisely those vertices to which the two end-vertices were adjacent.
We continue a very recent study [13] [14] [15] of the following graph modification problem called Π-Contractibility, where Π is some prespecified graph class.
Π-Contractibility
Instance: a graph G and an integer k. Question: Can G be modified to a graph in Π by at most k contractions?
This research was started by Watanabe, Ae and Nakamura [23, 24] who showed that Π-Contractibility is NP-complete whenever Π is finitely characterizable by 3-connected graphs. Their result was generalized by Asano and Hirata [2] who showed that Π-Contractibility is NP-complete whenever Π is a graph class that fulfills the following conditions. First, Π must be closed under contractions. Second, Π must be described by a property that is satisfied by infinitely many connected graphs and violated by infinitely many other connected graphs. Third, a graph belongs to Π if and only if each of its biconnected components belong to Π. Examples [2] of such graph classes Π include planar graphs, outerplanar graphs, series-parallel graphs, and also trees, chordal graphs, or more generally, graphs with no cycles of length at least for some fixed integer ≥ 3.
The problem Π-Contractibility is closely related to the problem HContractibility, which is to test whether a given graph G can be contracted to a fixed graph H. Brouwer and Veldman [5] showed that the H-Contractibility problem is NP-complete whenever H is a triangle-free graph that contains no vertex adjacent to all the other vertices. Their work has been extended by a series of other papers [16, 20, 21] showing both polynomial-time solvable and NP-complete cases. Determining a full complexity classification for H-Contractibility is open, although such results restricting the input graph G to be in a special graph class have been obtained [3, 4, 18] .
If Π is the class of paths or cycles, then Π-Contractibility is polynomially equivalent to the problems of determining the length of a longest path and a longest cycle, respectively, to which a given graph can be contracted. The first problem has been shown to be NP-complete by van 't Hof, Paulusma and Woeginger [17] even for graphs with no induced path on 6 vertices; they use the aforementioned NP-completeness result of Brouwer and Veldman [5] for the special case when H is the 4-vertex path. The second problem has been shown to be NP-complete by Hammack [12] .
Recently, more papers appeared that study the Π-Contractibility problem, and in particular, its parameterized complexity where the parameter is the number k of edges that may be contracted. Heggernes et al. [15] gave an 4 k+O(log 2 k) + n O(1) time algorithm for Π-Contractibility if Π is the class of paths. Moreover, they showed that in this case the problem has a linear kernel. When Π is the class of trees, they showed that the problem can be solved in 4.88 k n O(1) time and that a polynomial kernel does not exist unless coNP ⊆ NP \ poly. When the input graph is a chordal graph with n vertices and m edges, Heggernes et al. [13] could show that Π-Contractibility can be solved in O(n + m) time when Π is the class of trees and in O(nm) time when Π is the class of paths. When Π is the class of bipartite graphs, Heggernes et al. [14] observed that Π-Contractibility is NP-complete and showed that Π-Contractibility is fixed-parameter tractable when parameterized by k. Finally, due to a close relationship with the problem that is to test whether a given graph contains a so-called disconnected cut set, Martin and Paulusma [19] could show that Π-Contractibility is NP-complete if Π is the class of bicliques K p,q with p, q ≥ 2.
Our Results. We study the Π-Contractibility problem where Π is the class of graphs in which every vertex has degree at least d for some integer d. Note that this class does not satisfy the first and third property of Asano and Hirata [2] . In this case we call the problem the Degree Contractibility (DC) problem. In Section 3 we show that this problem is fixed-parameter tractable when parameterized by k and d. However, as we show in Section 3 as well, when either k or d is part of the input Degree Contractibility becomes hard in the following sense. First, Degree Contractibility is NP-complete even when d is assumed to be fixed (and k is part of the input). We prove that a value of d = 14 already suffices. Second, Degree Contractibility is W[1]-hard when parameterized by k. These results complement the result of Amini, Sau and Saurabh [1] who showed that detecting a subgraph with at most k vertices and of minimum degree at least d is W[1]-hard for every fixed d ≥ 4 when parameterized by k.
In Section 4 we study the weighted version of Degree Contractibility. In order to define this variant, let G = (V, E) be a weighted graph, i.e., with some edge weighting w : E → N. The weighted degree d w G (u) of a vertex u is the sum of the weights of the edges incident with u in G, i.e., d
where N (u) denotes the set of neighbors of u. The weighted contraction of an edge e = uv is a contraction of e where the weights on the edges incident with the new vertex x uv are defined as follows:
• w(x uv y) = w(uy) if y is adjacent to u and not adjacent to v; • w(x uv y) = w(vy) if y is adjacent to v and not adjacent to u; • w(x uv y) = w(uy) + w(vy) if y is adjacent to u and v.
The Weighted Degree Contractibility (WDC) problem is to test if a weighted graph G can be modified to a weighted graph of minimum weighted degree at least d by using at most k weighted contractions. Note that the difference with the (unweighted) contractions is that the weight of an edge x uv y with y adjacent to both u and v is the accumulated weight of the two original edges uy and vy. We show that this problem is still NP-complete. However, contrary to the aforementioned W[1]-hardness result for Degree Contractibility when parameterized by k, accumulating the weights after contracting an edge results in the problem not being hard anymore, i.e., we prove that Weighted Degree Contractibility is fixed-parameter tractable when parameterized by k. Table 1 summarizes our results; we discuss the open case denoted "?" in Section 5. Table 1 . An overview of our results.
Preliminaries
We denote the vertex set and edge set of a graph G by V G and E G , respectively. If no confusion is possible, we may omit subscripts. Recall that we only consider undirected finite graphs with no loops and no multiple edges. We refer to Diestel [7] for undefined graph terminology and to Downey and Fellows [9] and Niedermeier [22] for more on parameterized complexity.
In the case that G is a weighted graph with an edge weighting w, recall that the weighted degree of u is d
there is an edge in G between any two vertices of U , and U is an independent set if there is no edge in G between any two vertices of U . We write G[U ] to denote the subgraph of G induced by U ⊆ V , i.e., the graph on vertex set U and an edge between any two vertices whenever there is an edge between them in G. We let G/e denote the (weighted) graph obtained from G by the (weighted) contraction of e. If a (weighted) graph H is obtained from G by a sequence of (weighted) contractions, then H is a (weighted) contraction of G.
Let G and H be two graphs. An H-witness structure W is a vertex partition
(ii) for all x, y ∈ V H with x = y, bags W (x) and W (y) are adjacent in G if and only if x and y are adjacent in H;
By contracting all bags to singletons we observe that H is a contraction of G if and only if G has an H-witness structure such that conditions (i)-(ii) hold. Note that a graph may have more than one H-witness structure.
Contractions
First, we observe that Degree Contractibility is FPT when parameterized by k and d.
for n-vertex graphs.
Proof. Let G be a graph on n vertices. We give the following branching algo-
We consider all edges e incident with u, and call our algorithm recursively for G/e and the parameter k = k − 1. The algorithm returns Yes, if for at least one of the new instances the answer is Yes, and it returns No otherwise. Since for each recursive call of our algorithm, we create at most d − 1 instances of the problem, and the depth of the recursion is at most k, the algorithms runs in time 2
If we parameterize only by d or only by k, then Degree Contractibility becomes hard. We first prove that the problem is NP-complete even if d = 14.
Proof. The inclusion of the problem in NP is obvious. For simplicity, we prove NP-hardness for d = 14. We reduce from the NP-complete Set Cover problem [11] . This problem is defined as follows.
Given a set U = {u 1 , . . . , u m }, a family of subsets X 1 , . . . , X n ⊆ U and an integer r, are there at most r subsets that cover U , i.e., their union is U ?
It is known [11] that this problem remains NP-complete even if (i) each X i has cardinality 3, and (ii) each u j is included in at least two and at most three subsets of X 1 , . . . , X n .
We consider an instance (U, X 1 , . . . , X n ) of Set Cover with restrictions (i) and (ii). We construct a graph G in the following way; also see Fig. 1 . We say that we connect a vertex with some other vertex if we add an edge between them.
• Construct a clique with 13 vertices w 1 , . . . , w 13 .
• Add two new vertices s, t and connect each of them with w 1 , . . . , w 13 .
• For i = 1, . . . , n, add a vertex x i and connect it with s, t.
• For i = 1, . . . , n, add two adjacent vertices p
with s, w 1 , . . . , w 11 , x i , and connect p (2) i with s, w 3 , . . . , w 13 , x i .
• For j = 1, . . . , m, add a vertex u j and connect it with t.
• Connect x i and u j whenever u j ∈ X i . In that case also add two adjacent vertices q
ij , join q
ij with x i , u j , w 1 , . . . , w 11 and join q
ij with x i , u j , w 3 , . . . , w 13 .
• For j = 1, . . . , m, connect u k with w 1 , . . . , w 8 or with w 1 , . . . , w 6 if u j occurs in two or three subsets of X 1 , . . . , X n , respectively.
We set k = n + r and claim that U can be covered by at most r subsets of {X 1 , . . . , X n } if and only if G can be modified to a graph with minimum degree at least d = 14 by at most k contractions.
First suppose that X i1 , . . . , X ir is a set cover of U , i.e., U = X i1 ∪. . .∪X ir . For j = 1, . . . , r, we contract the edges sx ij and p (1) ij p (2) ij . We also contract the edge x i t for every i / ∈ {i 1 , . . . , i r }. The total number of contractions is 2r + (n − r) = n + r = k. Moreover, the resulting graph is readily seen to have minimum degree at least 14, as desired. Now suppose G can be modified to a graph H with minimum degree at least d = 14 by at most k contractions. Let W be an H-witness structure of G. For each bag W of W, we choose an arbitrary spanning tree of G[W ]. Let A ⊆ E G denote the union of the sets of edges of these trees. Because H is obtained by contracting the edges of A, we find that |A| ≤ k.
For each X i , we define a set of edges E i ⊆ E G as follows. The set E i includes all edges incident with x i , p (1) i , p (2) i , and all edges incident with q (1) ij , q (2) ij for every u j ∈ X i . Moreover, we choose one vertex u j ∈ X i and also add all (other) edges incident with u j to E i . The sets E 1 , . . . , E n have the following properties.
1.
3. The number of sets E i with |E i ∩ A| ≥ 2 is at most r.
Property 1 is true by definition. Property 2 follows from the fact that d G (x i ) = 13 < 14 = d; therefore, at least one edge incident with x i must be contracted. Property 3 follows from properties 1 and 2 and the aforementioned observation that |A| ≤ k = n + r.
Let I = {i | |E i ∩ A| ≥ 2}. We claim that ∪ i∈I X i = U . In order to obtain a contradiction, assume that there is a vertex u j ∈ U \ ∪ i∈I X i . Then, for each X i with u j ∈ X i , we find that E i contains a unique edge e i ∈ E i ∩ A. Because d G (x i ) = 13 < d, e i is incident with x i . If e i = sx i , then contracting e i decreases the degree of p (1) i and p (2) i . Because they both have degree 14, at least one edge incident with them must be contracted as well. Hence, e i = sx i . Similarly, if
then contracting e i decreases the degree of p (2) i . Hence, e i = x i p (1) i . We apply the same arguments on the other edges in E i and conclude that the only possibility is e i = x i t. Now we consider two cases. Case 1. u j is included in exactly two sets X i1 , X i2 . Then edges x i1 t, x i2 t are contracted, whereas all other edges incident with x i1 , x i2 and also edges p
i2j are not contracted. Moreover, no edges incident with u j are contracted, because these belong to E i1 ∪ E i2 . However, then u j has degree at most 13 < d in H, a contradiction.
Case 2. u j is included in three sets X i1 , X i2 , X i2 . By the same arguments as in Case 1, we find that the degree of u j in H is at most 13 < d, a contradiction.
We conclude that {X i | i ∈ I} is a set cover, which contains at most r sets due to Property 3. This completes the proof of Theorem 1.
We observe that Degree Contractibility is in XP when parameterized by k; it can be solved in n O(k) time for n-vertex graphs by checking all sequences of at most k contractions. However, it is unlikely to be solvable in FPT-time.
Theorem 2. Degree Contractibility parameterized by k is W[1]-hard.
Proof. The problem Multicolored Clique is to test whether a graph with a proper k-coloring contains a clique of size k with exactly one vertex from each color class. Fellows et al. [8] proved that this problem is W[1]-hard when parameterized by k. Consequently, its dual, the problem Multicolored Independent Set, which is to test whether a graph with a proper k-coloring has an independent set of size k with exactly one vertex from each color class, is W[1]-hard as well when parameterized by k. This is the problem we reduce from.
Let (G, k) with color classes X 1 , . . . , X k be an instance of Multicolored Independent Set. For i = 1, . . . , k let X i = {x i1 , . . . , x ini } for i ∈ {1, . . . , k} where we assume without loss of generality that n i ≥ 2. Let d = n(4k + 3) + 1. From G we construct a graph G in the following way. Recall that connecting two vertices means adding an edge between them.
1. Modify each set X i into a clique. 2. Construct a clique W with vertices w 1 , . . . , w d+1 . 3. Connect every x ij with w 1 , . . . , w tij where
4. Add vertices y 1 , . . . , y k . 5. For every x ij , construct a clique Q ij with vertices r ij , a Fig. 2 a) , and Stages 6-8 are shown in Fig. 2 b) . We let k = k(2k + 3) and claim that G has an independent set with exactly one vertex from each X i if and only if G can be modified to a graph H with minimum degree at least d by at most k contractions.
First suppose that {x 1j1 , . . . , x kj k } is an independent set in G.
, r iji y i , x iji z i } be a set of 2k + 3 edges in G . We contract every edge in every A i . Then the total number of contractions is k(2k + 3) = k . Moreover, the resulting graph is readily seen to have minimum degree at least d. Now suppose that G can be modified to a graph H with minimum degree at least d by at most k contractions. Let W be an H-witness structure of G . For each bag W of W, we choose an arbitrary spanning tree of G [W ]. Let A ⊆ E G denote the union of the sets of edges of these trees. Because we obtain H by contracting the edges of A, we find that |A| ≤ k .
We prove Claim 1 as follows. Let 1 ≤ i ≤ k. Because d G (y i ) < d, at least one edge incident with y i must be included in A i . Assume that y i f ∈ A i for some f ∈ Q ij . Note that after contracting y i f , all 4k + 2 vertices of Q ij \ {f } have degrees less that d. Hence, at least 2k + 1 edges incident with these vertices must be contracted. We also note that d G (z i ) < d. Therefore, at least one edge incident with z i must be in A. Suppose that z i t ∈ A for some t ∈ C. Then, after contracting z i t, all other 2k vertices of C have degrees less than d. Hence, we must contract at least k edges incident with these vertices. Because the total number of contractions is k = k(2k + 3) and we also need to contract at least 2k + 3 edges for every h = i, this is not possible. We conclude that z i x ij ∈ A for some 1 ≤ j ≤ n i and that A i = {x ij z i , y i f, g 1 h 1 , . . . , g 2k+1 h 2k+1 } with {f, g 1 , . . . , g 2k+1 , h 1 , . . . , h 2k+1 } = Q ij . We now consider x ij and observe that by contracting the edges g 1 h 1 , . . . , g 2k+1 h 2k+1 we decreased the degree of x ij by 2k + 1. Hence, j = j and Claim 1 follows.
Due to Claim 1, we can define the set {x 1j1 , . . . , x kj k } with x iji z i ∈ A i for i = 1, . . . , k. We prove that this is an independent set in G. In order to obtain a contradiction, assume that there is an edge
Contracting those edges of A i that have both end-vertices in Q ij decreases the degree of x ij j by 2k + 1. Moreover, after contracting the edges in A i and A i , the edges z i z i and x iji x i j i have been replaced by one edge. Because z i is adjacent to all vertices in C \ {z i }, this means that the degree of the vertex of H obtained by contracting x ij j z i is at most d + 1 − (2k + 1) − 2 + (2k + 1) = d − 1. This is not possible. Hence, {x 1j1 , . . . , x kj k } is an independent set in G with a vertex, namely x ij j , from each X i , as desired. This completes the proof of Theorem 2.
Weighted Contractions
To estimate the running time, observe that for each recursive call of our algorithm, we create at most k(2k − 1) instances of the problem, and the depth of the recursion is at most k. Hence, the algorithm runs in time 2
O(k log k) n O(1) .
We call the special case of Weighted Degree Contractibility in which there is no upper bound on the number of weighted contractions, i.e., in which k = |E G |, the Any Weighted Degree Contractibility problem. Our next result shows that already this special case is NP-complete. Its proof can be found in Appendix A. 
Concluding Remarks
We conclude our paper with some additional results and two open problems.
Weighted Face Degree Subgraph. First, we introduce a problem on plane (multi)graphs and show how to solve it in FPT time by reducing it to Weighted Degree Contractibility; for the definition of a plane graph and other notions, see Diestel [7] .
The weighted face degree of a face f of a plane weighted graph G is the sum of all the weights of the edges of G incident with f . The Weighted Face Degree Subgraph problem is to test if a plane weighted graph G can be modified to a plane weighted graph of minimum weighted face degree at least d by using at most k edge removals. Proof. Given an instance of Weighted Face Degree Subgraph with a plane weighted graph G and an integer d we do as follows. Let G * denote the geometric dual of G. There is a one-to-one correspondence between the edges of G and the edges of G * . Let e * be the edge of G that corresponds to the edge e in G. We assign weights to the edges of G * in the following way: w G * (e * ) = w G (e). An embedded contraction of an edge e of a plane graph is a contraction of e that respects the embedding and keeps multiple edges if they appear (that is, if the endpoints of e have common neighbors). We observe that the dual of the graph obtained from a plane graph G by removing an edge e is the graph obtained from G * by an embedded contraction of e * . We apply our algorithm from Theorem 3 for Weighted Degree Contractibility for G * and degree d. Note that there is a one-to-one correspondence between the faces of G and the vertices of G * . Therefore, weighted contractions can simulate the face degree transformations of a graph with embedded contractions and multiple edges. Due to the equivalence between edge removals in a plane graph and embedded edge contractions in its dual, the sequence of k edges of G * that is a solution to the Weighted Degree Contractibility problem can be transformed into a sequence of k edge removals in G. Hence, Weighted Face Degree Subgraph can be solved in FPT time.
Open problems. The first open problem is to determine the complexity of Weighted Degree Contractibility when parameterized by d. This problem corresponds to the missing case in Table 1 . If there is no upper bound k on the number of contractions permitted, then we can answer this question.
Proposition 2. Any Weighted Degree Contractibility is FPT when parameterized by d.
Proof. Let G be a weighted graph. If G has a minimal edge-cut C = E(U, U ) for some U ⊆ V G with at least d edges, then contracting the edges of G[U ] and G[U ] yields a graph with two vertices and one edge having weighted degree at least d. So, this case leads to a Yes-answer. If G does not have such an edge-cut, then G has bounded treewidth, namely at most 2d − 1. The reason is that there exists a tree decomposition in which the bags are the sets of vertices incident with the edge cuts of G. Because we can express the problem in monadic second order logic, we may apply the well-known result of Courcelle [6] to solve it in this case.
We recall that Any Weighted Degree Contractibility is NP-complete due to Theorem 4. This brings us to the second open problem. What is the complexity of the unweighted version called Any Degree Contractibility? This problem is to test if a graph can be modified to a graph of degree at least d for some integer d by contractions. So far, we only know that this problem can be solved in polynomial time for d ≤ 5. This can be shown as follows. If a graph G has large enough treewidth, then G can be contracted to a graph of minimum degree 5 due to a result of Fomin, Golovach and Thilikos [10] . They show that if the treewidth of a graph G is sufficiently large, then G contains an arbitrarily large complete graph, grid, or triangulated grid as a contraction. However, this technique is limited to d ≤ 5, because of the planarity of the (triangulated) grid. If the treewidth is bounded, then we apply the aforementioned result of Courcelle [6] .
A The proof of Theorem 4
Theorem 4. Any Weighted Degree Contractibility is NP-complete.
Proof. The inclusion of the problem in NP is obvious. In order to prove NPhardness, we reduce from the Not-All-Equal 3-Satisfiability problem with positive literals only. This NP-complete problem [11] , also known as Hypergraph 2-Colorability and Set Splitting, is defined as follows.
Given a set X = {x 1 , x 2 , . . . , x n } of variables, and a set C = {C 1 , C 2 , . . . , C m } of three-literal clauses over X in which all literals are positive, does there exist a truth assignment for X such that each clause contains at least one true literal and at least one false literal?
x p x q x r Fig. 3 . Construction of G.
Given an instance (X, C) of Not-All-Equal 3-Satisfiability, we construct the weighted graph G as follows (see Fig. 3 ).
1. Add two vertices t, f and join them by an edge. 2. For each i ∈ {1, . . . , n}, create a vertex x i and join it with t and f by edges. 3. For each j ∈ {1, . . . , m}, consider the clause C j = x p ∨ x q ∨ x r , construct a vertex C j and join it with the vertices x p , x q , x r by edges. 4. Set w(tf ) = n + m + 1, and w(e) = 1 for all other edges.
We let d = 2n + 3m + 1. We claim that there is a truth assignment for X such that each clause contains at least one true literal and at least one false literal if and only if there is a weighted contraction H of G such that the minimum weighted degree of H is at least d.
First suppose that there is a truth assignment for X such that the variables x 1 , . . . , x n are assigned values in such a way that each clause contains at least one true literal and at least one false literal. For each i ∈ {1, . . . , n}, let e i = x i t if x i = true, and e i = x i f if x i = f alse. Consider the clauses C j = x p ∨x q ∨x r . Each clause contains two variables, say x q , x r , with the same values. Then we choose the edge e j = C j x p . It is straightforward to check that the graph H obtained from G by contracting e 1 , . . . , e n and e 1 , . . . , e m has exactly two vertices joined by an edge of weighted degree d.
